Chapter 6
Mathematics as Grammar
A formal treatment

|. Introduction

The question, ‘Is mathematics part of the formal grammar of language? has been part of
the philosophical debate on mathematics for more than acentury. It lies at the center of the
debate between Carnap and Bar Hillel, on the one side, and Godel, Tarski and Quine on the
other. The previoustwo chapters provided the background for an answer to those questions.
The third chapter explained the relationship between mathematics and natural language,
while the fourth one provided aformal model of grammatical analysis. An accurate picture
of the relationship between mathematical calculus and the grammar of natural language

develops only through the combination of the results from those two chapters.

A. A Formal Model of Grammar

Taking seriously Wittgenstein's claim that mathematical numerical expressions are gram-
matical demands a clear understanding of Wittgenstein's definition of ‘grammar’. At first,
Wittgenstein' s notion of grammar does not seem to be that of common use. The absence of
an explicit definition of grammar in his published writings makesit difficult to tackle Witt-
genstein’s stance on such questions as ‘What is the relationship between mathematical
calculi and the grammar of natural language? In the Big Typescript, Wittgenstein briefly
offers an explanation of ‘grammar’ which lacks specificity. Remaining faithful to
Wittgenstein requires sticking to the textual evidence in evaluating his grammatical claims.

However, this commitment does not counter using a formal understanding of grammar
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when working within thelimits of what Wittgenstein explicitly wrote about grammar in this
period. The previous chapter provided a precise formalized theory of grammatical analysis

fundamental for understanding its interactions with mathematics.

B. Anwendung and the Grammar of Natural L anguage

The third chapter, on the notion of Anwendung, explained the role calculations play in the
solution of practical problems. For Wittgenstein, mathematics consists entirely of calcula-
tions [Rechnungen]. Cal cul ations cannot sol ve anything but mathematical problems. Mathe-
matical calculationsare used al thetimeto solve practical problems. However, even though
they are essential to the solution of some practical problems, mathematical calculations do
not justify predictions about affairs outside the calculus to which they belong. Therefore,
investigating therel ationshi p between mathematical cal culation andfactual prediction offers
more insight than asking about the relationship between mathematical and empirical
propositions.

Calculations aso provide the grammar of predictive statements. For example,
dividing twelve by three in the arithmetic of natural numbers furnishes the grammar of the
statement ‘if | have eleven apples, | can share them among three people in such away that
each isgiventhree apples . Calculations give solutionsto practical problemsjust asthey do
mathematical ones: they provide a grammatical rule whose applications are propositions.
These propositions may occur either inside or outside the calculusin internal and external
applications of the rules that constitute a mathematical calculus.

Another important conclusion from the third chapter was that mathematical expres-
sions, like numerals, have the same meaning in natural language as in pure mathematics.

Their grammar isthe same. In particular, arithmetic providesthe grammar of cardinal nume-
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rals in natural language. It is part of the grammar of natural language. This fifth chapter

tests this thesis within the formal framework devel oped in the previous chapter.

C. Mathematics as Grammar

Thisfifth chapter proves that a grammatical analysis applied to natural language produces
propositions with a naturally mathematical interpretation. The notion of Anwendung, as
developed in chapter 4, grounds Wittgenstein's thesis that the grammatical analysis of a
portion of language which isthe application of amathematical calculusresultsinagrammar
identical to thecalculus. For Wittgenstein, amathematical cal culushastwo different sorts of
Anwendung: an internal one in its very own calculations and an external one in natural
language (or another calculus). Reflecting this, thischapter grammatically analyzesboth the
internal and external Anwendung of elementary arithmetic.

For the first task, consider the arithmetical cal culus as alanguage where the correct
calculations are the acceptable expressions. Taking natural language as given — where the
acceptable expressions are none other than the grammatically correct statements — is
sufficient for the second task. In both cases, it not only produces adequate arithmetical
propositions, but al so demonstratesthe adequacy of Wittgenstein’ sphilosophical interpreta-
tion of such propositions. In other words, this shows, first, that mathematical equations
result from thegrammatical analysisof thetracesthe arithmetical operationsleft behind and,
second, that such equations express a connection between the numbers and operations as
grammeatical categories.

Thefirst stage of such demonstration isaformal grammatical study of the notion of
natural number. Thefirst step definesnumbersasgrammatical categories. Adhering to Witt-
genstein’ sphilosophical theory of numbers, they are defined astheresultsof particular addi-

tions. Every addition results in a single number. The second step shows that numbers so
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defined arein fact classes of interchangeable expressions. Contexts of intersubstitutability
in the language of arithmetical calculation define grammatical categories. Finally, the con-
cluding step shows that the traditional recursive definition of natural number is equivalent
both to the definition of numbers as the result of additions and to the conception of
numbers as grammatical equivalence classes of numerals.

This requires showing that, for every natural number in the traditiona sense, the
Wittgensteinean grammar of arithmetical cal culus possesses acategory containing only the
appropriate numerals. It is also necessary to show that, if the induction principle holds for
them, they form the smallest set of categories, closed under successor, including zero. This
requires defining the system of cardinal numbers through grammatical anaysis. This
analysis shows that a unique grammatical category for ‘one’ exists at the base of the cardi-
nal numerical system. It also defines the function of successor in grammatical terms and
translates the induction principle to the grammatical vocabulary developed in the previous

chapter.

II. A Grammatical Analysis of the Internal Anwendung of Arithmetic.
Wherever in a calculus one number can
be replaced by another . . . They are
the same.
WL 88 p. 218
A. Introduction
This section shows how internal Anwendung works within a calculus. The calculus in
guestion is the subsystem of elementary arithmetic containing elementary additions of
natural numbersin base ten notation. It applieslast chapter’sformal model of grammatical

analysisto this subsystem of arithmetical calculation .
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1. Calculi as Languages

The first phase consists of fitting the arithmetical subsystem in the previous chapter’s
definition of language. For this purpose, the digits one to ten and the addition and equal
signs define the alphabet of the language. Particular additions, that is, numerals linked by
the addition sign, play therole of calculation signsin this calculus, and equations constitute
the acceptable strings. Additions, equations and numerals make up the vocabulary of the

language.

2. A Grammatical System of Natural Numbers
Three different accounts of ‘number’ appear in Wittgenstein’s writings during the early
thirties. The following section provides, within the framework of grammar, an explicit
formulation of such accounts and then demonstrates their equivalence. Wittgenstein
explicitly offersthefirst two accounts, whilethethird reformul ates the traditional definition
of asystem of natural numbers.

1. A natural number isthe result of an arithmetic operation, in this case: addition.

2. A natural number is the grammatical-equivalence class of a numeral, the class of
all words interchangeable with anumeral throughout the language.

3.The set of natural numbersis the smallest set to include zero and be closed under
SUCCESSOr .

(2) is Definition 4.2.3. Corollary 4.2.3.1. demonstratestheimplication from defi-
nitions (1) to (2.) Finaly, Theorem 4.4.4. shows the equivalence between definitions (2)
and (3).

3. The Grammar of Addition
This section shows how agrammatical analysis of Wittgenstein's sort produces correct ma-

thematical equations. After al, language analysis starts with a definition which naturally
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includes the class of correct equations. It would not be surprising if they were aso the result
of such analysis. The grammatical analysis would amount to less than a sleight of hand.
However, this is not so. It is true that the beginning material includes traces of correct
calculations as ‘given’. Nevertheless, the mathematical equations are results in the meta-
language. They are explicitly grammatical rules about numbers, where numbers are
grammatical categories. For example, that 3 + 4 = 7 isatheorem of the grammar meansthat
adding expressions belonging to the grammatical categories ‘number three’ and ‘ number
four’ resultsin an expression belonging to the grammatical category ‘ number seven’. Equa
tions play a double role in the calculus. They are both acceptable configurations in the
language, and grammatical rulesof the calculus. Theintroduction of ameta-language serves
the purpose of making this double role explicit.

This section is important for two reasons. On the one hand, it supports the original
hypothesis that Wittgenstein’s grammatical method of analysis gives results with a natural
mathematical interpretation. Also, it justifiesthisresearch’ sinterpretation of Wittgenstein's
philosophy of mathematics. Just asthefirst part demonstratesthat numbers are grammatical
categoriesof inter-substitutable numeral's, the second part showsthat arithmetical equations

connect calculations —in this case, additions — with their results.

B. A Formal Grammatical Analysis of a Subsystem of the Arithmetic of Natural
Numberswith Addition asits Single Operation

This section follows the following notational conventions: Capital Latin letters stand for
grammatical categories. Bold Greek upper case letters stand for other sets of expressions.
Lower case Latin letters stand for particular expressions of the language, except for italic

ones. Italiclower case L atin |etters stand for variablesin the definition of categoriesthrough
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lambda abstraction. A cursive upper case letter L stands for the language structure. ™

standsfor the set of numbers. All variablesrange over expression typesand sets thereof and

do not refer to expression tokens at all.

1. The Calculus as Language

Definition 4.1.1 [digits]: LetA={0,1,2,3,4,5,6, 7, 8, 9} betheset of digits

Definition 4.1.2 [numeralg]: Let N be the set of all numeralsin base ten notation, finite
sequences of digits not starting with a numeral zero.

Definition 4.1.3 [additions]: Let A be the set of additionsas recursively defined on the

base of the numerals so that A = { a¥'+ ¥b|a b1 A E N }. Notice that avoiding

parentheses builds associativity into the language.
Definition 4.1.4 [numerical expression]: Any expression different from ‘+ and ‘=’ is
caled numerical.

Proposition 4.1.4.1: Every addition isanumerical expression. ~

Proposition 4.1.4.2: Every numeral isanumerical expression. ~

Proposition 4.1.4.3: Every numerical expression is either anumeral or an addition. ~
Definition 4.1.4 [addition operator on numerical expressions|: For every two
numerical expressionsaand b, a+b=a¥‘+’¥b.

Proposition 4.1.4.1: For every two numerical expressonsaandb, a+ bl A.~

Definition 4.1.5 [language]: Define language L by the structure <3, E, W>, where

Y = A E {+, =}isitsalphabet, W isthe class of traces of correct calculations, that is, equa-

tionssuchas‘3+4=7or‘2+2=4andE=WE S E N E A isthe set of basic

1. The acceptable strings are not true statements of arithmetic, but the final traces of correct additions. This
means that expressions like ‘3 + 4 = 77 are included, but ‘7 = 7" and ‘3 + 4 = 4 + 3’ are not. Cf. Chapter
2, section 111 B.
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words or expressions of the language. This definition satisfies the three conditions of

Definition 1.1 in Chapter 4: (1) X isafinite, non-empty set, (2) W and E are subsets of the
set of finite strings of such words such that (S EW) | E and (3) every member of E isa

substring of some element of W. In other words, every number occurs in a true addition

equation.

2. Grammatical Number Theory

Definition 4.2.1 [result operator]: Given an addition a1 A, define the category
R(@) =1 x (a¥‘ =" ¥X) astheresult of addition a.

Defintion 4.2.2 [number]: A number is any category of the form | x (a¥'="¥x) where
al A. Inother words, acategory isanumber if it is the result of some addition.
Proposition 4.2.2.1: For any number category C and numeral n, if n1 C, then C =[n].
Proof: Supposen, m1 C to show that n ~ m. n and m may occur either at the right or the
left of the ‘=" sign. For every additiona, a¥'="¥n1 W iff a¥'="¥m1 W. This guaran-

teesthat m may replace any occurrence of n at theright of ‘=". Furthermore, |et a be one of
such additions. In every addition different that aitself, ais substitutablefor nor m. Also, in
any addition, n and m are substitutable for a. By transitivity, n is substitutable for m in any

addition. In consequence, they are interchangeable at either sde of =",

3. The Grammar of Addition

Definition 4.3.1 [addition category of a numeral]: For every numeral n, let the addition
categoryof n, written A(n), bethe category | X (¥ ="¥n). Thisisthe category of al
additions — numerals linked by the addition sign *+' —whose correct result isn.

Proposition 4.3.1.1: For every ainA(n),n1 R(a). ~

143



Chapter 6. Mathematics as Grammar
Lemma 4.3.2: For every pair of numeralsn, min N, if thereisanumber N such that n,
mi1 N, A(n) = A(m).
Proof: Let N be a number, such that n, mT N. Also, let al A(n). From the previous
corollary, nT R(a). Hence, R(8) is a number such that n belongs to it. From theorem
4.2.3.1, n can only belong to one number, so N = R(@). Hence, m1 R(a). Sinceal A(n),
thismeansthat (a¥‘="¥m)1 W, whichimpliesthatal A(m).~
Definition 4.3.3 [addition category of a number]: For any number N, define the
addition category A(N) as A(n) wherenT N. Hence, A(N) = A(n) for al nin N.
Theorem 4.3.4: For any additionain A, A(R(@) =[a].
Proof: Obviously, al A(R(a)). Suppose b T A(R(a)) to show that b ~ a Let C be any
category C such that al C, to show that b1 C. Since aand b are additions — numerals
linked through the plus sign, they occur only to the left of the ‘=" sign. Without loosing

generality, Cisof theform| x (C¥‘ + ¥x¥'+’¥d¥‘="m) wherec,d1 AandmT N. This
means that (C¥‘+ ¥a¥'+'¥d¥'=m) T W. Sinceb 1 A(R(d), R(b) = R(). In conse-
quence, (C¥' +' ¥b¥ + ¥d¥ = m)T W.Sob 1 | x(c¥ '+ ¥x¥ '+ ¥d¥'=m)=C. ~
Definition 4.3.5 [numerical category]: A category A isnumerical if for al aandbin A,
R(@) = R(b).

Definition 4.3.5.1 [result of a numerical category]: Given anumerica category A,
definetheresult of A asR(A) = R(a¥‘+ Q') for any ain A.

Definition 4.3.6 [addition of numerals]: Given two numerica expressonsaand b,

define the addition of aand b, written as A(a+ b), asthe category | x (x¥‘="¥c) , wherecis

anexpressionin R(a¥‘ +' ¥b).
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Proposition 4.3.6.1: (a¥‘+'¥b)1 A(a+b). ~
Lemma 4.3.7: Let A and B betwo numberssuchthat al A and bl B. For every pair of
expressionsa 1 Aandb' T B, a¥‘+ ¥b' belongsto the addition of aand b.
Proof. Since, as noted above, the only contexts in which numerals of the same number differ
isinside numerals, @ may substituted for aand b’ for b in their addition without affecting
the result. ~
Lemma 4.3.8. Let A and B betwo additionssuchthat al A and b1 B. For every pair of
expressionsa 1 Aandb' T B, a¥‘+ ¥b belongsto A(a+ b).
Proof: A(R(a) + R(b)) = A(a+ b). A(R(A) + R(B)) = A(a+ b).
AR@) +R('))=A(a+b). A@@ +b)=A(a+hb). -
Theorem 4.3.9: Let A and B betwo numerical categoriessuchthat al A and b1 B. For
every pair of expressionsa 1 Aandb' 1 B, a¥‘+’ ¥b belongsto A(a+ b).

Proof: Grammatical categories include only numerals and additions. ~

Definition 4.3.10. [addition of categories]: Define the addition of numerical categories
A and B, written A + B, asA(a+ b) whereal A andbl B.

Lemma4.3.11: R(R(a@) + R(b)) = R(a+ b).

Proof: The addition of two numeralsis not anumeral, but an addition. Hence, the addition
of two numbers is not a number either. However, the result of a numerical category is al-
ways a number. ~

Theorem 4.3.12: For every equation of theforma+ b =cin W, ¢ belongs to the number

which isthe result of the addition [a]+[b]. In other words, R([a] + [b]) = [c].

Proof: R(a+ b) = R(c). Hence, R([a] + [b]) =[c]. ~
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Note 4.3.13: Notice that, however, for every equation of theforma+b=cinW, [a] + [b]
= [c] isnot atheorem of this theory. In other words, the addition of two numbersis not
another number. Arithmetical equations are not numerical identity statements. That is
precisely the anticipated result from Wittgenstein's analysis of equations, where the ‘=’

sign does not symbolize identity but a connection between calculation and resullt.

4. A Grammatical System of Natural Numbers

Definition 4.4.1 [zer o] Let O be the [Wittgensteinean] category | x (‘0 + 0="¥Xx).
Proposition 4.4.1.1: ‘0’ T 0.~

Definition 4.4.2 [one]: Let 1 bethe [Wittgensteinean] category | X (‘0 + 1="¥X).
Proposition 4.4.2.1: ‘1’ T 1. ~

Definition 4.4.3 [successor |: Define the successor function S defined over the numbers
such that S(N) isthe number | x (n¥‘+"¥‘1"¥'="¥X) wherenisany expressionin N.
Proposition 4.4.3.1: §(0) = 1.

Proof: ‘0+1=11T W.~

Theorem 4.4.4: Let™ be the set of natural numbers. ™ isthe smallest set closed under S
such that 0T .

Proof: Thistheorem requires proving: (i) that 0 isan element of —, (ii) that ™ is closed
under successor, and (iii) ~ isthe smallest set with these two properties.

i) Provethat 0 T ™, that is, 0 isanumber.
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Proof of (i):‘0+0=01 Wand‘0+0 T A.By thedefinition of number, ‘0’ T | x
(0+0="¥x)1 ~.ForeveayninN,nlT 0iffnT I x('0+0="¥x),s0l x
(0+0="¥x) =0T ~.
ii) Provethat if N belongsto —, so does S(N).
Proof of (ii): Let N be anumber, show that S(N) isaso anumber. Let n be any expression
of number N. n¥‘+ 1' T A. Since S(N) isthe category | x (n¥* +’¥*1'¥‘ =" ¥x), itisof
theform| x (a¥’ =" ¥x) whereal A. In consequence, S(N) is anumber.
iii) Let N* beaset of categoriessuchthat O T N* and N* is closed under successor.
Provethat ™ | N*. In other words, prove that zero reaches every number N in~ by
repeated applications of the successor function.
Proof of (iii): Since every number hastheform| x (a¥‘='¥x) whereal A, (iii) amountsto
the proposition that, for al ain A, R(a)] ~. Considering only additions consisting of two

numerals united by the *+’ sign eases the presentation of this proof. However, the proof
appliesto additions of any finite length, aswell. This proof is an induction on A. Ordering

A is necessary. Consider the following: ‘0 + 0, ‘0 + 1’, ‘1 + O, . . . The category

| x (‘O + 0="¥X), belonging to ™ bases thisinduction. Since, | x (‘0 + 0="¥x) =01 ~*,
the base holds. Now, suppose asinductive hypothesis, that for every a* <a, R(a*) T ~*, to
show that R(8) T ~*. Sincea=b + cfor someb, cin either A or N, R@& = R(b + ). If b

or ¢ is a numeral, then its grammatical-equivalence class belongs to ~ . This is obvious,

because the successor function constructs all numerals from zero. If it isan addition then it

is before a in the ordering of A, so the inductive hypothesis applies to it. In either case,
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R() T ~* and R(c) T ~*. From Lemma 4.3.11, R(R(b) + R(c)) = R(b + c). Since
R() T ~*, b=d+ 1for some addition d. Hence, R(a) = R(d + ¢ + 1) = R(R(d + ¢) + 1).
But (d+c)<a soRd+c)T ~*. Inconsequence, R(R(d + ¢) + 1) T ~*. Finally, since

R(@=RR(d+c)+1),R@1 ~*. ~

C. Mathematical Induction

Besides showing the desired hypothesis, the previous formal analysis of arithmetical
addition for natural numbers produced another important conclusion. Theorem 5.4.4. shows
that Wittgenstein's notion of numbers as grammatical categories form a system of natural
numbers. This stands against those who argue that, during this period, Wittgenstein rejected
the induction principle for arithmetic. However, this appraisal needs qualification.
Wittgenstein rejected the existence of universal mathematical propositions. For him, mathe-

matical propositions of the form" x(F x), where F isamathematical concept, are not about

all the members of such mathematical category.’> Mathematical inductions are not induc-

tions in the sense thisword has in natural science. They are calculations. In consequence,
mathematical inductions do not prove universal properties of all members of mathematical
concepts. Mathematical propositions, whose proof isan induction are not more general than

thoseany other calculation proves. They cannot prove anything general about other calculus.

2, Chapter 2, on mathematical concepts, presented Wittgenstein’s argument for this heterodox view.
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[11. A Grammatical Analysis of the External Application of Arithmetic

| want to say numbers can only be defined from
propositional forms, independently of the ques-
tion which propositions are true or false.

PR §102

The analysis of Wittgenstein’s notion of Anwendungin Chapter 3 concluded that mathema-
ticsis part of the grammar of natural language. When Wittgenstein says that mathematical
propositions are grammatical rules, the expression ‘grammatical rules’ is not a metaphor.
Mathematical rulesare equal to obviously grammatical oneslike*adverbsqualify verbsand
adjectives, but not nouns'.

Not surprisingly, Wittgenstein's claim has endured scorn and ridicule both from
philosophers and linguists. Reactions include responses such as ‘ mathematicians are not
grammarians and ‘there is no way that one may ever learn mathematics from reading the
dictionary’. Many people are under the wrong impression that natural language grammar
cannot tell different numbers apart, because all numerical expressions share the same gram-
mar. They think that the substitution of numerical expressionsinter alia doesnot jeopardize
their grammatical correctness. These people think that, in general, saying ‘| bought ten chars
at the market yesterday’ is as correct as saying ‘| bought three chairs at the market yester-
day’, even though ten and three are different numbers. However, as this section will show,
they are mistaken. Natural language provides for the grammatical distinction between
numbers.

One of the most common philosophical arguments against mathematics being
grammar is that mathematical entities challenge the accepted concept of grammatical
categories. However, this final section proves the contrary. Numbers, or mathematical
entitiesingeneral, are grammatical categoriesin precisely the same sense asadjective, noun,

etc. Furthermore, reading the dictionary actually teaches mathematics.

149



Chapter 6. Mathematics as Grammar

A. A Numerical System.
Was die Zahlen sind? — Die Bedeutung der Zahlzeichen; und die
Untersuchung dieser Bedeutung ist die Untersuchung der Grammatik der
Zahlzeichen.
Wir suchen nicht nach einer Definition des Zahl-Begriff. Sondern versuchen
eine Darlegung der Grammatik des Wortes “Zahl” und der Zahlworter.
[PG PT. Il. Section IV 8§18 p. 630]

What are numbers? — What numerals signify; an investigation of what they
signify isan investigation of the grammar of numerals.

What we are looking for is not adefinition of the concept of number, but an
exposition of the grammmar of the word “number” and of the numerals.
[PGPT. Il -1V 818 p. 321]
The first step trandates the conventional definition of a numerical system into the
grammatical vocabulary and shows how the cardinal numbersresult from the application of
Wittgenstein's grammatical analysis from the early thirties, as formalized in the previous

chapter.

1.‘On€e

According to ordinary English grammar, the word ‘one’ belongs to amost every major
grammatical category: noun, pronoun, adjective and even verb. Mostly, it appears in the
composition of nominal expressions (complex names) such as ‘one friend of mine’, ‘one
fine dog’, etc. There, it functions just like the single indefinite article ‘a(n)’. Dictionaries
often offer them as synonyms. For example, the Webster's Revised Unabridged Dictionary,

(1998) gives as first definition of the word ‘one’: “ The same word as the indefinite article

a, ‘an’.” Interestingly enough, the American Heritage Dictionary of the English

Language (1996) conceivesthisuse of ‘one’ not asan article, but asan adjective. However,

that ismistaken, because ‘ one’ will not replace most other adjectives. It isonly substitutable
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by the indefinite singular article a(n). Consider the aforementioned examples: ‘1I'm just one
player on theteam’ isas correct as‘l’m just aplayer on the team’ and ‘ That isafine dog’
is as grammatical as ‘That is one fine dog’. Nonetheless, this last example clearly shows
that the role of ‘one’ in the nominal expression ‘onefinedog’ is completely different than
that of the adjective ‘fine’. For one thing, without the adjective ‘fine’, the nominal
expression does not change its grammatical status and the statement does not lose its

grammatical correctness. Even though saying ‘ That is one dog’ makes sense, saying ‘ That
isfine dog’ does not.>

Its singular article status prefixes it to a singular common noun (the sign of a
concept or pseudo-concept) to create a nominal expression (the name of an object or a
pseudo-object). For example, adding the word ‘one’ to the singular common noun *‘ sailor
intown’ resultsin the singular nominal expression ‘one sailor intown’. So far, it sharesits
grammatical role with other singular articles such as ‘the’, ‘a@ or ‘this’. However, since
‘one’ isan indefinite singular article, the resulting single nominal expression is an indefinite
nominal expression. It designates a singular but indefinite object (or pseudo-object). The
expression ‘the sailor intown’ isadefinite name, while‘one sailor intown’ isindefinite. In
this sense, only the articles ‘a and ‘an’ can replace it, depending on the morphology
(orthography) of the following word.

Nevertheless, when the word ‘one’ appears at the beginning of a singular nominal
expression, sometimes it function as an adjective. Frequently, when theword ‘one’ expres-
sesbeing the only individual of aspecified or implied kind, it functions as an adjective. For
example, in the complex nominal expressions ‘ The one person | could marry’ or ‘ The one

horse that can win thisrace’, ‘one’ playstherole of an adjective. In these rare cases, it can

3. Frege uses a similar argument to show that, since ‘one’ is not an adjective, unity is not a property of
objects.
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replace the synonymous adjective ‘only’. The resulting expressions have the same
grammatical status, such as ‘The only person | could marry’ or ‘The only horse that can

win this race’. Notice, however, that the adjectival use of ‘one’ cannot replace every
adjectival occurrence of ‘only’.# For example, the sentence ‘ Robert Smithson was an only

child’ makes sense, while ‘Robert Smithson was an one child’ does not. ‘ Robert Smithson
wasonechild’ isalso grammatically correct, where‘one’ playstherole of the article, not of
an adjective. Furthermore, the adjective ‘only’ modifies plural as well as singular nouns.
‘One’ functions as an adjective also when used synonymously with ‘united’ or ‘undivided’
as in “The church is therefore one, though the members may be many” or, most
uncommon, synonymously with ‘single’ or ‘unmarried’, as in “Men may counsel a
woman to be one.” The same stipulations apply to these cases asto ‘only’, except that, as
adjectives, they can also complement the verb ‘to be' to form a predicate. In summary, the
category of ‘one’ asan adjective, isthedigunction of the category ADJECTIVE andthedis-
junction of the categories[‘only’], [‘united’'] and ['singl€’].

The second most common use of ‘one’ in ordinary English isthat of a pronoun. In
those cases, it expresses either an indefinitely specified individual, asin ‘ She visited one of
her cousins', or an unspecified individual, as in ‘ The older one grows the more one likes
indecency’. In this later case, the indefinite pronoun ‘anyone’ can replace it. Being a
pronoun means functioning alone as a nominal expression. Any nominal expression,
including another pronoun of the same type, can replace it. This rule justifies the
grammatical correctness of statements such as‘ The older anyone grows the more one likes

indecency’ and ‘The older Virginia Woolf grows the more she likes indecency’. Like a

4, Furthermore, the word ‘only’ can also play an adverbial role, which is not true of ‘one’. For example,
saying ‘I lived only for your love’ makes sense, but not ‘I lived one for your love’.
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proper name, the word ‘one’ can stand alone as awhole name. Unlike the adjective ‘one’,
the pronoun ‘one’ has aplura form. The pronoun ‘ones’ isthe plural of pronoun ‘one’.

A third use of ‘one is that of a noun. For the most part, the noun ‘one’ is a
numeral, naming number one. In those cases, it ispart of arithmetical statements: not part of
the external application of arithmetic, but of its internal application.One’ is also a non-
numerical common noun referring to a single person or thing: a unit, for example, ‘Thisis
the one | like best’. In these cases, it is a common pronoun. Just as a proper pronoun may
replace a noun or nominal expression, the word ‘one’ stands in place of a common noun.
Theword ‘one’, for example, may replace the common noun ‘dog’ in ‘Thisisthe dog that
bit me' resulting in the grammatically correct sentence ‘ Thisis the one that bit me'. It may
even replace the whole complex common nominal expression ‘dog that bit me’ resulting in
the sentence ‘ Thisisthe one’. This substitution requiresasingular definite nominal expres-
sion containing the common noun. A singular definite pronoun such as ‘the’, ‘this’ or

‘that’” must precede it in agrammatically correct sentence.

If P(x¥y) isawell formed sentence such that (x¥y) isanominal expression and x
isadefinite article, then P(x¥'one’) is also a well formed sentence. In consequence, this
category isl y[P(x¥y)l W & x T SDA], where W isthe category of well formed sentences

and SDA is the category of singular definite articles. If the common noun occurs in a
singular indefinite pronoun, and the indefinite article preceding the noun itself is‘a’, ‘an’ or
‘one’, the rule does not apply. Articles ‘a, ‘an’ or ‘one’ cannot precede the noun ‘one’,
because the expressions ‘an on€’, ‘aone’ and ‘one one’ do not make sense. If the common
noun is part of asingular indefinite pronoun, and the indefinite article preceding the nounis
‘any’ or ‘some’, then ‘one’ fuses with them into the word ‘anyone’ or ‘someone’. Just as

with the pronominal use of ‘one’, the common pronoun ‘ones’ is the plura of ‘one'.
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‘Ones stands for common nouns in plura definite nomina expressions. As the
grammatical correctness of ‘ This one bit me’ derives from the correctness of ‘ This dog bit
me’, the correctness of ‘ These dogs bit me’ entails the correctness of ‘ These ones bit me'.

Finaly, The American Heritage Dictionary of the English Language includes the
following usage note for ‘one':

Usage Note: When constructions headed by ‘one’ appear as the subject of a
sentence or relative clause, there may be a question as to whether the verb
should be singular or plural. Such a construction is exemplified in the
sentence “One of every ten rotors was found defective.” Although the
plural wereissometimes used in such sentences, an earlier survey found that
the singular was preferred by alarge mgjority of the Usage Panel. Another
problem is raised by constructions such as ‘ one of those people who' or its
variants. In the sentence “ The defeat turned out to be one of the most costly
blowsthat were ever inflicted on our forces,” most grammarianswould hold
that the plural were is correct, inasmuch as the subject of the verb is the
plural noun ‘blows . However, constructions of this sort are often used with
a singular verb even by the best writers. Note also that when the phrase
containing one is introduced by the definite article, the verb in the relative
clause must be singular: “He is the only one of the students who has (not
have) already taken.”5

Taking these uses into consideration,® it is possible to define the number one as the
grammatical category to which the English expression ‘one’ belongs. This category is the
intersection of the five uses considered before. Since two of its synonyms—‘only’ and ‘&

— have no grammatical categoriesin common, this intersection captures the specificity of
category [‘on€']. Thisis sufficient to define this unique category as the base of the system

of cardina numbers.

5. The American Heritage® Dictionary of the English Language, Third Edition. Houghton Mifflin Com-
pany, 1996, 1992.

6. English has a final, but obscure, use of the word ‘one’. ‘One’ is also a transitive verb meaning ‘to cause’
‘to become one’; ‘to gather into a single whole’; ‘to unite’; ‘to assimilate’. For example: “The rich folk
that embraced and oned all their heart to treasure of the world” [Chaucer] Webster's Revised Unabridged
Dictionary, © 1996, 1998 MICRA, Inc.
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2.'Two'.
The English word ‘two’ has less diverse uses than ‘one’. It functions as noun, article and
adjective. As expected, these uses of ‘two’ are analogous to those of ‘one’. Just as ‘one’,
the most common use of ‘two’ isin the composition of nominal expressions such as ‘two
friends of mine’, ‘two fine dogs’, etc. Substituting ‘one’ for ‘two’ in a singular nominal
expression and changing the number of the common nominal expression from singular to
plural produces an analogous plural nominal expression. For example, the substitution of
‘one’ for ‘two’ and the ‘chair’ for ‘chairs in ‘one broken chair’ results in ‘two broken
chairs'. This does not mean that one nominal expression freely substitutes for the other.
Saying ‘I'm just one player on the team’ makes sense, but ‘I’'m just two players on the
team’ does not. Singular and plural nominal expressions remain different grammatical
categories. In the majority of these cases, ‘two’ works as a plural indefinite article for
exactly two individuals. Placing ‘two’ before acommon noun or nominal expression in the
plural form results in a nominal expression. For example, preposing the common noun
‘sailorsin town’ inits plura with the word ‘two’ produces the plural nominal expression
‘two sailors in town’. As ‘on€’, the word ‘two’ also occurs in nominal expressions as an
adjective. Astheword ‘one’ expresses ‘being the only individual of a specified or implied
kind', the word *two’ expresses ‘being the two individuals of a specified or implied kind'.
The complex nominal expressions‘ The two persons| could marry’ and ‘ The two scientists
that synthesized the protein’ are examples of this. When adjective ‘on€’ is synonymous
with ‘only’, substituting ‘two’ for ‘one’ and switching the common nouns and subordinate
nominal clauses from singular to plural results in a grammatical correct plural nominal
expression. This way, ‘ The one person who lives in this house' transforms into ‘ The two
persons who live in this house' . However, this transformation does not apply to the other

adjectival uses of ‘one’. ‘Two’ cannot replace ‘one’, when meaning ‘united’ or ‘single’.
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Most of the times, noun ‘two’ expresses number two. Just as numeral ‘one’, the
use of numeral ‘two’ in arithmetical statements is part of arithmetic’ internal Anwendung.

Noun ‘two’ also refers to exactly two persons or things, for example in ‘These are my
favoritetwo'.” In these cases, it behaves like a common pronoun. Just as the noun ‘one’

may replace a singular common noun, ‘two’ may replace a plura common noun. For
example, substituting the common noun ‘dogs’ in ‘These are the dogs that bit me' for
‘two’ results in the grammatically correct sentence ‘ These are the two that bit me'. *Two’

may even replace the whole complex nominal expression ‘ dogs that bit me’ resulting in the
sentence ‘ These are the two' .8 This substitution is permissible when the common noun is

part of aplura nominal expression whose main articleisnot ‘two’. In other words, it may

occur preceded either by a plural definite pronoun such as ‘the’, ‘these’ or ‘those’, or by

an indefinite one such as ‘any’ or ‘some’. If P(x¥y) isawell-formed sentence such that
(x¥y) is a nominal expression and X is a singular article different from ‘two’, then
P(x¥’two’) is also awell-formed sentence. In consequence, the definition of this category
isl y[P(x¥y)l W & xI SA & x! ‘two’], where W isthe category of well-formed sentences

and SA isthe category of singular definite articles.

c. From ‘one€ to ‘two’ and beyond: succession and induction.
An important feature results from analyzing the grammar of the English words ‘one’ and

‘two’. The major uses of these words are analogous, requiring only minor adjustments

between singular and plural®. Once made the proper number arrangements, and except for

7. As a matter of fact, another nominal use of ‘two’ exists. ‘“Two’ also names something with two parts,
units, or members, especially a playing card, the face of a die, or a domino with two pips.

8. Notice that in the sentence ‘these are two’, ‘two’ behaves like an adjective.
9. ‘One’ easily substitutes‘two’, but not vice versa.
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the caseswhere ‘two’ functionsasanumeral, ‘one’ may replace ‘two’ any timeit occursin
English. Furthermore, ‘two’ and the rest of the cardinal numerals, such as ‘three’, ‘five' or
‘five hundred’ share these three basic uses: (i) plura indefinite article—asin ‘| ate three
glazed doughnuts yesterday’, (ii) adjective—asin ‘ These are my favorite ten jazz albums of
al time', and (iii) indefinite pronoun —as in ‘I’ ll take six, please’. Nevertheless, to define
the category of cardinal number, it is necessary to make sure that no other word have these
same grammatical uses.

Cardinal numerals share their grammatical role of plural indeterminate articleswith

words such as ‘some’ or ‘many’ *° (but not with plural determinate articles such as*these’,
those' and ‘the’). Consider the context | x (‘1 know (that) C(x¥y), but cannot tell which’)

where C(x¥y) isawell-formed sentence and y is a plural common noun. It determines the

category of indeterminate article. ‘1 know that five men in this island are married, but |
cannot tell which’ makes sense, despite the nonsense of ‘1 know that the men in thisisland
aremarried, but | cannot tell which’ or ‘1 know that those men in thisisland are married, but
| cannot tell which’. However, this context does not define the category of cardinal
numbers. ‘1 know that some men in thisisland are married, but | cannot tell which’ and ‘I
know that many men in thisisland are married, but | cannot tell which’ both make sense.
Wittgenstein addresses this problem in Appendix 8 of the first part of the Philosophical
Grammar, entitled “the concept ‘about’. The problem of the heap’ [Der Begriff
“ungefahr” . Problem des * Sandhaufens’].

In that Appendix, Wittgenstein defines the grammatical category of cardina

numbers through a context similar to the following: | x ‘there aren’t x apples on the table

anymore, for | took y'. If ‘one’ substitutes for y, only cardinal numeralsfor numberslarger

10, In PG PT. Il Section IV 818, Wittgenstein writes: “Es gibt auch ein Zahlensystem ‘1, 2, 3, 4, 5,
viele’.” “There is also a system of numbers ‘1, 2, 3, 4, 5, many’.”
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than one may replace x. The context | x ‘there aren’t x apples on the table anymore, for |

took one defines the category ~ of cardinal number (larger than one). In general, the
substitution is grammatically correct only if x >y. This already allows us to define ‘two’
and, in general, therest of the cardinal numbers through their use asindeterminate articles.

For example, the contexts| x ‘there aren’t three apples on the table anymore, for | took x of
them’ and | x ‘I took x apples from the three on the table’ determine the category two =

[two']. Furthermore, the grammatical definition of the successor function is:

S(n) = | x‘there aren’t x gpples on the table anymore, for | took n of them'’ u"y
[‘there aren’'t y apples on the table anymore, for | took ' E (‘there aren’t y apples
on the table anymore, for | took X' v y~X].

Including the following induction principle, would conclude the grammatical definition of
numerical system:
"C[C(one)&" nl “(CN)EC(Sn)]E(C="").

This principles saysthat every context such that ‘One’ can fill its blank spaces, and any nu-
meral can replace its predecessor, determines the category of cardina number. However, this
principleisfalse. In strict sense, no other cardinal numeral can replace ‘one’ in any context.
‘One’ is singular, and the rest of the numerals are plural. Different interpretations of this
grammatical fact exist. It is possible to say that ‘one’ is not a cardina number in strict
sense. However, some simpl e adjustments of number allow for ‘two’ to succeed ‘one’. Still

‘two’ may not replace ‘one’ in all the contexts, even making the necessary adjustments of
number. For example, consider the context ‘ The plate smashed in n pieces .** Saying ‘ The

plate smashed in two pieces makes sense, but ‘ The plate smashed in one piece’ does not. It

would seem that ‘two’ isnot acardina either. Similarly, only numerals above two satisfy

11,1 x (‘Thisrectangle consists of x parts’) PG Pt. Il section IV 618 p. 638 (p. 324).
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the context | n (‘ This figure has n sides’). It makes sense to say ‘This figure has three

sides’, but not to say ‘ This figure has two sides'.

Eshat keinen Sinn, von einem schwarzen Zweieck in weif3en Kreis zu reden;
und dieser Fall ist analog dem: esist sinnlos zu sagen, das Viereck bestehe
aus = Teilen (keinem Teil). Hier haben wir etwas, wie eine untere Gremze
des Zuahlens, noch ehewir die Einserreichen. [PG PT. |1 Section 1V §18 p.
640]

It makes no sense to speak of ablack two-sided figure in awhite circle; this
is analogous to its being senseless to say that the rectangle consists of 0
parts (no part). Here we have like alower limit of counting before we reach
the number one. [PG Pt. |1 Section IV § 18 p. 326]

Und hier entsteht nun der Irrtum: Man meint, daman von der Zwei- un Vier-
Teilung sprechen kann, kann man auch von der Zwe Drei-Teilung sprechen,
geradeso, wie man 2, 3 und 4 Apfel zéhlen kann. Aber die Drei-Teilung —
wenn es sie guabe — gehort ja einer ganz anderen kategorie, eéinem ganz
anderen System an alsdie Zwei- und Vier-Teilung. In dem System, in dem
ich von Zwe- und Vier-Teilung sprechen kann, kann ich nicht von Drei-
Teilung sprechen. Das sind logisch ganz verschiedene Gebilde. [PR
Appendix 11 p. 321]

And this is where the mistake occurs. people think, since we can talk of

dividing into 2, into 4 parts, we can also talk of dividing into 3 parts, just as

we can count 2, 3 and 4 apples. But trisection —if there were such athing —

would in fact belong to a completely different system, from bisection,

quadrisection. In the system in which | talk of dividing into 2 and 4 parts |

can’'t talk of dividing into 3 parts. These are completely differen logical

structures. [PR Appendix 11 p. 334]
For Wittgenstein, this meansthat cardinal numbers have no unique single system. Instead a
non-hierarchical motley of cardinal, numerica systems exists. Each countable concept deter-
mines its own numerical system with its own base. Apples start in one, parts in two, and
sides of a geometrical figure in three. No system of cardinal numbers is primary. In
consequence, asking whether the induction principle holds for the cardinal numbers does
not make sense. The induction principle is not a result of Wittgenstein's grammatical
analysis. However, thisisnot aflaw or weakness. The question is not whether theinduction

principleistrue or false, but for what numerical systemsit holds.
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B. Calculation: the case of division.
Basic arithmetical equations result from the grammatical analysis of natural language.

Consider the case of division among natural numbers as an example of arithmetical
calculation.’® Thecalculation ‘11 + 3= 3’ provides the grammar of the statement ‘if | have

eleven apples and want to share them among some peopl e so that each isgiven three apples,
| can givethree peopletheir sharewith two applesremaining’. Ingenerad, ‘if | have x apples
and want to share them among some people so that each is given y apples, | can give z
people their share with w apples remaining’ is grammatically correct if z is the result of
dividingx betweeny, and w isthe remanent. Hence, | X, y, z, w ‘if | have x apples and want
to share them among some people so that each is given y apples, | can give z people their
share with w apples remaining’ grammatically defines the four-place relation that z is the
result of dividing x between y, and wisthe remanent. In consequence, the context| x, y, z, w
(‘if 1 have x apples and want to share them among some people so that each is given y
apples, |1 can give z people their share with w apples remaining’) in natural language
determines the same category as the context

W
Ix,y,zw (' y / x )
z

in the internal Anwendung of arithmetic.

Every calculation statement in the cal culus providesthe grammar for some statement
in natural language. The abstraction of different numerical expressions from that sentence
determine categories co-extensional with the cal culation and result conceptsin the original

eguation. In general, every grammatical context in the calculus has an analogous in natural

12, The example is not fortuitous. Wittgenstein illustrate the notion of external Anwendung with addition
in 815 of section Il of the second part of the Philosophical Grammar. The previous chapter analyzed this
example in detail.
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language. Both contexts determine the same category. This correspondence justifies the
reproduction of the results of the grammatical analysis in section Il for the external

Anwendung of arithmetic.

V. Conclusion: A False Dilemma

Interpretations of the thesis that mathematical propositions are grammatical diverge in one
major respect. Wittgenstein scholars agree that mathematical propositions are grammeatical
rules for the construction or transformation of statements. However, they disagree on
whether or not they are rules of mathematical or natural language. The basis of this dis-
agreement is a false dilemma. Both interpretations are correct, but incomplete when
considered in isolation.

It is tempting to approach Wittgenstein's idea that mathematics is grammar as an
analogy. For Wittgenstein, images, metaphors and analogies are important sources of phi-
losophical insight and confusion. However, Wittgtenstein does not use ‘grammar’ meta-
phorically. Mathematical propositions are not like grammeatical rules. They aregrammatical
rules. Calculi arelanguages and cal cul ations are expressions. The propositions of acalculus
constitute its syntax, because they determine the cal cul ations correctness. Calculationisthe
construction of linguistic expressions in accordance with the calculus grammar. Correct
calculations are correct expressions in the calculus language. For example, the axioms and
theorems of arithmetic constitute the syntax of arithmetic calculation. Similarly, the axioms
of geometry are the syntactic rules of geometrical construction. In general, calculations
within a mathematical theory are linguistic constructions in a language, with the theory’s
axioms as the rules of its syntax.

Mathematics is also part of the grammar of natural language. This chapter has

proved that arithmetic is the syntax of numerical expressions in natural language. The
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application of the proper grammatical analysisto cardinal numerical expressionsin natural
language results in a grammar with a natural arithmetical interpretation. It proved that
cardinal numerical expressions belong to aunique grammatical category, and that the basic
axioms of arithmetic determine their grammar.

For Wittgenstein, looking for an unique universal grammar underlying the whol e of
natural language and its uses is the biggest mistake of conventional grammarians. They
ignore the inherent and essential multiplicity of language. Instead of a unique grammar for
the whole of language, grammarians ought to ook for the many grammars behind the many
uses of language. Then, they will realize that some of these grammars are some of the most
successful mathematical cal culi. Euclidean geometry, for example, isthegrammar of natural
language when used for the description of objects in the visual space. Every mathematical
calculus, not only arithmetic, constitute aportion of natural languagegrammar. For example,
the axioms of Euclidean geometry comprise the syntax of natural language descriptions of
objectsin visual space.

Concelving mathematics only as part of the syntax of natural language is also a
mistake. For Wittgenstein, mathematical calculi regulate both a variety of mathematical
activities, such as counting, measuring, adding, etc. and a part of the syntax of natural
language. The dilemma between these two interpretations vanishes with the realization that
mathematical languageis a part of natural language. Mathematical calculi do not need to be
performed in an artificial symbolic or diagrammatical language. They can be expressed in
terms of apples, pebbles or whatever. Thisway they areincorporated into natural language.
Arithmetic, liketherest of mathematics, isasubsystem inside natural language. Statements
about adding apples or substracting pebbles is as much arithmetic as statements about
adding or substracting numbers. This segment of natural language obeys mathematics, be-

cause it constitutes its grammar.
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Furthermore, both dimensions of grammar areidentical. For example, measuring is
calculation becauseit isatechniquefor the construction of linguistic expressions. One does
not exist without the other. As alinguistic technique, measuring obeys a syntax and, as a
calculation, it obeysthe rules of acalculus. Both systems of rules areidentical. The syntax
of calculation is always ultimately mathematical.

Theresults of thisfifth chapter are twofold. On the one hand, it has formally shown
that numerical calculi actually constitute grammatical systemsin the sense of Wittgenstein.
On the other hand, it also showed that they are the grammar of their segment of natural
language. It hasproved that if the object |anguage containsthe appropriate numerical expres-
sions, the resulting grammar will include at least some rules with a natural mathematical
interpretation. A grammatical analysis of using numerical expressions, both in calculation

and in natural language, has yielded familiar theorems of arithmetic.
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